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I. PROBLEM AND RESULTS 
We shall deal with two special types of differential equations 
(p(t; A)) wYyldt2 = > 5 = Pk 4Y, 
where X is a real parameter, and, for every /\, p(t; h) are real continuous 
periodic functions with period n defined for all t E (---co, 03). 
The problem of the coexistence of periodic solutions consists of studying 
such values of parameter h for which two linearly independent and periodic 
or hay-periodic1 solutions with period ?T of (p(t; h)) coexist. A detailed study 
of the problem can be found in W. Magnus’ and S. Winkler’s book on Hill’s 
Equations [2]. 
The first type is of the form 
@Q(T)) (d2Y/dT2 = > y” = hQ(T)Y, 
where Q(T) > 0 is a real continuous periodic function with period T such that 
Q”(T) is continuous on (-co, CO) and 
Let Q denote the set of all these functions Q(T). 
Note. The last integral condition on Q(T) can be always arranged by 
a suitable scale of h. 
The second type is 
(A + q(t)) (dS/dt” = ) 3 = P -+- &h 
1 A function y(t) is half-periodic with period d (d > 0, const) if y(t + d) = -y(tj 
for all t. 
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where q(t) is such a real continuous periodic function on (-co, co) with 
period n that every solution of ji = q(t)y has exactly one zero on (-co, co) 
except for a one-parametric family of dependent solutions which have no 
zero. 
Let q denote the set of all these functions q(t). 
Note. The condition on zeros of solutions of the differential equation 
j = q(t)y can be always satisfied by a suitable translation of A. 
We shall prove: 
THEOREM 1. There exists a l-l correspondence CD not depending on X 
between the set of dz&rential equations Y” = AQ(T)Y, Q(T) E Q and the set of 
dzjferential equations j = [A + q(t)]y, q(t) E q. 
Remark 1. The theorem explicitly states conditions on Q(T) and q(t) 
under which it is possible to construct a so-called Liouville transformation 
(see, i.e., [2], p. 51) for the two types of differential equations. 
THEOREM 2. This correspondence @ is an isomorphism with respect to the 
coexistence of periodic solutions in the sense that tlze daj%=ential equations 
(hQ(TN ad @(XQ(TN = (A + q(t)) h ave exactly the same set of parameters X 
for which the periodic solutions coexist. 
Remark 2. The coexistence problem has to be studied only for one of the 
types: (hQ(T)), Q(T) E Q and (A + q(t)), q(t) E q. Results obtained for one 
type can be rewritten for the other one. 
II. PROOF OF THEOREM 1 
(a) Let Q(T) E Q. Consider the differential equation (hQ(T)). Let t(T) 
be a function defined for T E (-00, ok) such that dtldT = t’ + 0 and 
d3tldT3 exists and is continuous. Let the function p(t; A) be defined by the 
relation 
hQ(T) = -(t, T} + p(t; A) P. 
Here, (t, T) is Schwa&s derivative defined as *(P/t’) - z(t”/t’)2, and the 
differential equation of the 3rd order being Kummer’s differential equation; 
the deep study of its properties can be found in recent Prof. 0. Boruvka’s 
book [l]. If y(t; A) is a solution of the differential equation (p(t; A)) then, 
for every A, 
NT); 4 
dl W)I 
(= Y(T; 4) 
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is a solution of the differential equation (hQ(T)). If t(T) is chosen such that 
Q(T) = (dt/dT)a (with respect to the asumptions on Q(T), t(T) satisfies the 
above conditions), then p(t, A) = X + (t, T)/t’2 = h + q(t)- Now, we are 
going to show that q E 4. 
Remember that q(t) is continuous since Q”(T) exists and is continuous. 
The periodicity of Q( 7) and the condition fi l/,o(T) dT give 
Z-= s y dQmdu = t( T + z-) - t(T), for ah T. 
Further, the periodicity of q(t(T)) in T follows from the periodic&y of Q(T) 
and from the fact that in definition of q(t) as {t, T)/P only lst, 2nd, and 3rd 
derivatives of t(T) appear. Hence 
4(V) + 4 = qw + 4) = dV))~ 
Since t( 7’) is increasing or decreasing from -cc to co 
we have q(t + rr) = q(t) for every t. 
At the end, let us see that 
0 = -(t, T> + q(t) . P, (3) 
i.e., the differential equation ji = q(t)y is defined on (-co, co) (as t(T) maps 
the interval (-co, co) on the interval (-co, co)) and can be transformed by 
the transformation t(T) into the differential equation Y”(T) = 0, 
T E (-co, co). This is possible, according to [l], pp. 92 and 201, if, and only 
if, ji = q(t)y is of the same character, in the sense of Boruvka, as the differen- 
tial equation Y” = 0 on the interval (-co, co). That means that every solu- 
tion of (q(t)) has exactly one zero on (-co, a) except for a one-parametric 
family of dependent solutions with no zero on (-co, co). 
(b) Let q(t) E q. Because of the periodicity of q(t) and the condition on 
zeros of solutions of (q(t)), there exist independent solutions yr , ya of (q(t)) 
of the form 
Yl = PI@>, Ye = P,(t) + tPl(a 
where p, , p, are periodic or half-periodic functions with period rr such that 
there exist continuous d2p,/dt2, dspzldt2 and such thatp,(t) . p2(t) # 0 for all t. 
This follows from Floquet’s theory and from the fact that, in other possibIe 
cases obtained on the basis of the Theory, either all solutions are oscillatory 
or there exist two linearly independent solutions with no zero. 
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If T(t) denotes the inverse function with respect to t(T), then (3) can be 
rewritten as 
q(t) = -{T, t>. (4 
All solutions of (4) are given by 
qq = CllYl + ClZY2 
%A + C22Y2 
, 
I I 
:;z #O (see [ll, p. 5). 
_I 
In order to obtain T(t) defined for all t, we must set c22 = 0. Then 
qt) = CllPlP) + Cl2(P2W + tPl(t)) 
C21PlW 
Since PI@> and P2(t> + tp&> are two linearly independent solutions of 
(q(t)), their Wronskian w is not zero. As dT/dt = -wc/p12(t) and p12(t) # 0, 
T(t) has a continuous derivative of the 3rd order and dT/dt + 0. Because of 
periodicity and positivity of p12(t), T(t) t ransforms the interval (-co, co) on 
the interval (-cc, co). 
Hence, for t(T), the relation 
0 = -{t, T) + q(t) t’” 
is again satisfied, and if we put Q(T) = (dt/dT)z, we can write 
XQ(T) = -it, T) + [A + q(t)] P. 
Let us note that Q(T) is positive and d”Q/dT2 is continuous for all T. In order 
that Q(T) may be periodic with period n-, dt/dT = -p12(t(T))/wc should be 
periodic in T with period rr. The last condition is just satisfied by putting 
Then 
Ig wdt 
c=-T oP12(t)- 1s 
T(t+r)-T(t)=j~$.dt= -j”szn. (5) 
Hence t(T) + ST = t(T + m) and 
Q(T + z-) = ($);+r = [ plz(“(;c+ +]” = [ p12(t(T) + n,/(wc)12 = 
= [ P~~(V))/@~)]* = ($1 = Q(T). 
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Furthermore, 
j;dQT)dT= j,$.dt= r. 
Thus, we have constructed a l-l mapping Q, of the set of differential 
equations Y” = AQ(T)Y, Q(T) E Q into the set of differential equations 
y = [h + q(t)Jr, q(t) ~q. The correspondence is represented by the trans- 
formation t( 2’) (or by T(t) inverse to it) satisfying Q(T) = (dt/dT)“. Then the 
corresponding q(t) is uniquely determined by the relation 
0 = -{t, T) + q(t) . (dt/dT)” 
or by the equivalent one q(t) = -{T, t>. Conversely, if Q E q is given, then 
T(t) is given as a solution of q(t) = -{T, t] which is defined for all t and for 
which (dtjdT)’ is periodic in T with period Z-. Then Q(T) is uniquely deter- 
mined by the relation Q(T) = (dt/dT)2. 
We could see that, for a fixed Q( T) E Q, the correspondence does not depend 
on h. Thus, Theorem 1 has been proved. 
III. PROOF OF THEOREM 2 
Let 9’(p(t; h)) denote the set of all solutions of a differential equation 
(p(t; X)). There is also a one-to-one correspondence between the sets 
y(XQ(T)) and Y(@(XQ(T))) = 9(X + q(t)) for every Q(T)E Q. The 
correspondence can be derived from the relation (1). 
Again, let t(T) (= Fo) d enote the transformation constructed in the 
previous section with respect to a function Q(T) E Q, and let T(t) (= Fg) 
denote the inverse function to it. 
Let Q(T) E Q. T o every solution Y( T; h) E 9(hQ( T)) there exists a solution 
FF;(Y(T; ,I)) = ~(t; h) E Y(@(hQ(T))) = SP(h + p(t)) given by the formula 
“&( Y( T; A)) = 
which can be obtained immediately from (1) if the function T(t) is introduced. 
Using FFo , the relation (1) can be rewritten as 
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where y(t; A) and Y(T, A) re p resent, for every fixed X, exactly the same pair 
of solutions as in (6). Then 9;: = FF; and SF; is a l-l mapping of 
Y(AQ(T)) into SP(@(hQ(T)) = Y(h + q(t)). It can be easy seen that FFQ is, 
for a fixed Q, also linear. 
Hence, for every fixed Q( 2’) E Q and arbitrary A, the following commutative 
diagram holds: 
9 * 
Y( T; A) -2% Yk 4 
%Q 
Let us note that: both @ and SF; are l-l mappings, neither @ nor SF* Q 
depend on h (but, of course, they depend on Q), 
g-l= s* 
FQ F~ ’ 
Now, if {&LN is the set of all values h for which there coexist periodic 
(half-periodic) solutions of the differential equation (A&(T)), Q(T) E Q, then 
for the same set of parameters there coexist periodic (half-periodic) solutions 
of the differential equation di(hQ(T)) = (A + q(t)), because (see the relations 
(7) and (2)) 
for every i E N. 
Similarly using the relations (6) and (5) we can see that if (Xi}ieN is the set 
of all values X for which there coexist periodic (half-periodic) solutions of the 
differential equation (A + q(t)), q(t) E q, then for the same set of parameters 
there coexist periodic (half-periodic) solutions of the differential equation 
Q-V + ~(9) = @Q(T)). Q.E.D. 
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